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Fig. 3 Teflon (FEP) cone which experienced material
creep hut which did not ablate during supersonic wind-
tunnel experiment carried out by P. R. Nachtsheim (white
paint used to accentuate crosshatching). Photograph

courtesy NASA Ames Research Center.

should be independent of position on the body or size of the
body and should depend only on the material relaxation time.
Ballistic range experiments by Canning et al.2 on ablating
Lexan cones of about 0.4-in. slant height led to pattern wave-
lengths of 0.01-0.02 in., while wind-tunnel tests by Larson
and Mateer3 on ablating Lexan cones with slant heights
around 5 in. led to wavelengths of 0.05-0.07 in., an average
factor of 4 change in wavelength with more than a factor of
10 change in body size. However, the wavelength change
can be accounted for by the different test temperature
conditions resulting in a larger value for r in the wind-tunnel
case. Wind-tunnel tests have been run at the Avco Systems
Division on ablating Teflon wedges 2 in. in length and the
measured wavelengths are about 0.4 in. During the course
of the investigation analysis was also made of recovered re-
entry flight test vehicles made of Teflon which were 30-40
in. long and wavelengths were found to be in the range 0.3-0.4
in., indicating an essentially unchanged wavelength for a
factor of 20 change in body size. The observed wavelengths
are consistent in order of magnitude with a relaxation time
T ~ 10 ~5 sec and a velocity U ~ 2 X 103 fps. Data on r
are not readily available but data on G and estimates of M
give the indicated value of r.

The theoretical result that instability arises for 1 ^ M2 ^
2 is consistent with the experimental findings that the bound-
ary layer must be turbulent for crosshatching to occur and
that the pattern angle closely follows the Mach angle cor-
responding to the local boundary-layer edge Mach number
up to about 2.5-3.0 and then "freezes" out for all higher
values.4 For a turbulent boundary layer at low supersonic
Mach numbers the profile is almost uniformly supersonic
at a value close to the edge Mach number except immediately
adjacent to the wall within the sublayer. On the other hand,
at high supersonic Mach numbers in the region of the sub-
layer edge the Mach number tends to "freeze" out at a
value around 2-3.4 This leads to a characteristic "effective"
Mach number within the boundary layer of, say, 1-2. It
may be appropriate in considering the three-dimensional pat-
tern to identify this Mach number with that normal to the
wavefront.

A Critical Experiment
If the model of the present Note were correct then a non-

ablating inelastic deformable body could, when placed in
supersonic turbulent flow, give rise to crosshatching. P. R.
Nachtsheim in cooperation with H. K. Larson of the NASA
Ames Research Center kindly agreed to carry out such an ex-
periment in the Ames 3.5-ft Hypersonic Wind Tunnel (see
Ref. 3 for a description of the tunnel). The model tested
was a 40° half-angle Teflon (FEP) cone of 5 in. base diameter.
The material properties were such that at the test conditions

of 1673°R stagnation temperature and 1582 psia stagnation
pressure and for the 7-sec test time the body did not
ablate (either sublime or form a discernible liquid melt) but
did exhibit creep. The freestream Mach number was 7.4
and the Mach number at the edge of the boundary layer was
2. The boundary layer itself was turbulent.

When the test was begun nothing was seen to happen for
the first few seconds, during which time the model heated
up. After this period, however, the material has softened
sufficiently and a crosshatch pattern was observed to break
out simultaneously over the entire length of the model.
When removed from the tunnel the model showed no mass
loss to within the measurement accuracy of 0.1 g for the
650 g cone, the pattern angle was consistent with previous
measurements (^35°), while the pattern wavelength was
around 0.1 in. A photograph of the unablated but cross-
hatched model is shown in Fig. 3. The blotches seen in the
photograph result from the fact that the model was painted
white to accentuate the crosshatching.

Concluding Remarks
The results of the nonablating experiment are consistent

with those for ablating bodies and lends strong support to
the material response model outlined. It may be expected
that some details of the model as described will require
modification but the deformable relaxing and creeping surface
should form the basis for any description of the phenomena.
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ka,k& = principal curvatures of an undeformed parallel
surface

n — unit normal to a deformed parallel surface
u,v,w = displacement components of a surface in the I, j, k

directions, respectively
a}p = principal curvilinear coordinates
7 = transverse coordinate on the undeformed surface

Introduction

THE fundamental problem in two-dimensional linear shell
theory still is a rational formulation of the constitutive

equations. Implicit in this statement is the problem of. an
adequate description of the kinematics and kinetics of shell
deformation in the transverse coordinate direction.

The derivation presented in the paper defines the linearly
exact displacement variation in the transverse coordinate
within a shell structure. Corresponding tangential strain
variations also are presented as a direct consequence of the
displacement variation. The displacement and strain equa-
tions consist of two sets of terms. First are those terms that
would result from the kinematic constraints of the Love-
Kirchhoff hypotheses while the second set of terms appear
soley as explicit functions of the transverse normal and shear
strains.

The present work differs from and is more general than
that presented by Naghdi,1 Reissner.2'3 Whereas the refer-
enced works utilize an assumed linear displacement variation
in the transverse coordinate and hence are restricted to thin
shells, the present work is applicable to thick as well as thin
shells. The only limitations of the present work are the
applicability of linear theory and that the undeformed shell
structure possess parallel lateral bounding surfaces.

The chief advantages that the present work possesses over
similar works dealing with either general shell theory4 or
thick shell theory5 are two in number. First, the displace-
ment variation identifies the contribution of the Kirchhoff-
Love constraint terms and the transverse strain terms in
an explicit manner. Second, the displacement variation is
derived solely on the basis of a study of the kinematics of shell
deformation and hence is independent of material character-
istics or loading.

Derivation of the Displacement Variation

A. Deformation kinematics
Consider three parallel surfaces before deformation. Let

one of the surfaces be termed the reference surface and
designated as S0. Further, let the coordinization on this
surface be a principal one with curvilinear coordinates a and
ft. Assume that the first and second quadratic forms of the
reference surfaces are known and given as the following :

II = -A<?kao(daY - (dft)*

Designate the remaining two parallel surfaces as Si and S,
and assume they are located distance of 7,- and (7* + AT*)
respectively from the reference surface. Since the surfaces
are parallel, then the a- ft coordinization of the reference sur-
face is applicable to the parallel surfaces and further, this
coordinization also will be a principal one on these surfaces.
However, the Lame surface parameters and the curvatures
will differ. Letting the subscripts i and j designate the sur-
face to which the parameters are applicable, then;

Ai = A0(l +

Bi = B0(l +

kai = kao/(l

, Aj = A0[l

, Bj = B0[l
d, kaj = fc«0

AT;)]

AT;)]
(1)

Fig. 1 Reference and parallel surfaces before and after
deformation.

An orthonormal right hand system of vectors, I, J, k, may be
constructed on each of the parallel surfaces such that I and J
are the unit tangents to the a and ft curvilinear coordinate
curves, respectively.

Define the points P0, Pi, Pj, such that each of the points
lie on the surfaces S0, Si, and Sj as well as on the common
normal to the three surfaces. After deformation, the three
parallel surfaces transform to a new set of surfaces desig-
nated as S'0, S f i , and S ' j . These surfaces in general will no
longer be parallel and further, though the same coordiniza-
tions, a and ft, may be utilized, these coordinizations no
longer will be principal ones for the deformed surfaces. The
three points, P0, Pi, Pj, become the points P f

0 , P'i, P'j which
in general will no longer lie along a common normal.

Let the distance between the points P'0 and P'i be desig-
nated as y'i and the_distance between the points P'i and
P'i as AT';. Define £»• as the_unit vector directed from the
point P'o to the point P'i and £»•_,- as the unit vector directed
from the pointjP';_to P',-. Further define the three displace-
ment vectors <&0, <&o, $>/, as being the vectors from points
Po, Pi and PJ on the undeformed surface to the corresponding
points on the deformed surface.

The three surfaces before and after deformation are shown
in Fig. 1. For the two parallel surfaces, Si and Sj, it is
obvious that the following relation is valid:

<J> • I - £. . A <v • — cE> • I A >v -If f^)\3tZ \^ c,t—i LI I i — Mrj \^ 1A jr^/l/ \^/

It is equally obvious that for the surfaces S0 and Si, the
following relation holds:

Let the components of the displacement vectors <&0, $;, and
3>/ be given as follows:

= U0l + VoJ + Wok

= Uil + Vij + Wik

= Ujl + Vjj + Wjk

(4)

(5)

(6)

Thus the displacement components, Ui, vi} Wi, for any parallel
surface could be expressed in terms of the displacement com-
ponents, u0, v0, w0) of the reference surface if the unit vector
t-i and the distance T'« wei>e known. In the following sec-
tions, the derivation for these expressions will be given.
However, in order to obtain these quantities, first it will be
necessary to study the deformation of the two parallel sur-
faces, Si and Sj.

B. Adjacent parallel surface deformations and transverse
shear strains

Consider now the two parallel surfaces, S» and Sj and the
expression for unit vector &_,-. Substituting Eqs. (5) and (6)
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into Eqs. (2), the result becomes the following:

£i_,-A7'» = (Uj — Ui)i + (Vj — Vi)j + [(wj — Wi) + A7;]A;

However, for a sufficiently small value of A 7*, the normal
strain, ejy, may be assumed to be constant and equal to the
value at 7 = 7*. Then,

and hence the equation for £»_,- A7;» may be written as the
following :

[(Wj - Wi) + A7;]Ai

Dividing by A7; and passing to the limit as A7; -> 0, then;

(1 + ejy)k (7)

where it is noted that dwt/dy = eTT .. Multiplying both sides
by (1 + eJ7 .)~1 expanding by the binomial theorem and
linearizing, the result becomes

&_,• = (bu</b7)» + (bi;</b7)j + k (8)

The unit tangents, Tai, Tpiy to the a and /3 coordinate
curves of the deformed parallel surface, $», and the corre-
sponding unit normal, r&», are given as;6

(9)

(10)

+ £ (11)
The transverse shear strain expression are then the follow-

ing:

(-/^ +

C. Displacement variation

In the previous section, an expression for £;_/ has been
developed. However, this quantity indicates the manner
in which material points move after deformation for adjacent
surfaces, that is, surfaces spaced an infinitesimal distance
apart. In the present section, an expression will be developed
for the vector £z-. This quantity governs the motion of ma-
terial points on surfaces a finite distance 7* from the reference
surface.

Referring to Fig. 1, the displacement vector from the point
P'0 to the point P'» can be thought of as being the sum of
displacement vectors between the parallel surfaces located
between and including the surfaces S'0 and S'i.

' = r~yt l-
J 7=0

But from Eq. (14), after linearization, the above may also be
written as

(15)

Now the expression for n% for the surface Si has been given
by Eq. (11). Differentiating this expression with respect
to 7 and using the expressions for eaji, ep7i as stated in Eqs.
(12) and (13), the result becomes

Integrating this expression with respect to 7 and letting n0
designate the normal to the deformed reference surface, the
following alternate expression results for n»:

Substituting for these quantities, the result becomes after
simplification the known expressions;7

Wi/~ba (12)

(13)

Solving for bw,-/b7, 5?;i/d7 from Eqs. (12) and (13), substi-
tuting the results into Eq. (8) and making use of the ex-
pression for the normal, n<, the result finally becomes the
following :

= ea7ii + + fij (14)

Equation (14) indicates how material points, initially
lying on a common normal, vary from surface to surface after
deformation. In the absence of transverse shear strains,
the material point, P',-, will be on the normal to adjacent
surface S'i. Similarly, if yet a second adjacent parallel
surface, Sk, were constructed so that it lay a distance A7,-
above the surface Sj, then the corresponding material point,
Pjb, after deformation, would lie on the normal to the adjacent
deformed surface, $',-.

The fact that in the absence of transverse shear strains,
material points after deformation lie on normals to adjacent
surfaces does not insure that the displacement function will
be a linear function of the distance normal to the shell refer-
ence surface. The normal ni} to the deformed parallel sur-
face will vary in direction from one parallel surface to an-
other. Hence its variation must be taken into account in
determining the displacement variation.

n< =
C)e7

The expression for n given by Eq. (16) may now be substi-
tuted into Eq. (15). Since definite integrals are involved, by
changing the limits of integration the order of integration
may be changed. Linearizing the results and substituting
for n0 the appropriate form of the expression given by Eq.
(11), the result finally becomes,

- ~ 7« + d

/T' 7 = 0

deTT ^
~bady

««r(i + +

X

+ 7*0



FEBRUARY 1970 TECHNICAL NOTES 369

Substituting Eq. (17) into Eq. (3) and using Eqs. (4) and (5),
the displacement components on the surface Si become

Ou0 - 4- ̂  ) 7« + (1 + y*kao) X

Vi = V0 — X

x

f7~7
J 7 = 0

(20)

D. Tangential strain variation
The tangential strain expressions for a surface are given as

the following:6"8

kaweaa =

These expressions are applicable to a parallel as well as a
reference surface. However, by use of equations (1 , 18, 19, 20) ,
the tangential strain expressions for a parallel surface may be
expressed in terms of reference surface parameters. Defining
the curvature change parameters, Ka, /% and the torsion r as
the following :

_ ! A A
"A d^ \A da/ AB* d0

dA

\B A*B da da

1 d

1 d

1 dA
d/5 da •>v •>. /O ~T~

The result of the discussed substitution becomes the follow-
ing equations:

? (V") = (f> _i_ K ^ A _L_eaa \ M/ /-, i 7 N waaio I "-ao l*J\

= 7i ea7 ^7

1 (1 + kp0yj) dAc

A0B0 (1 + fex07;) djS
1 d_

i da I[_1_ f7 = 7i (yi — 7) de77 ~|
X J T = O (1 + &«07) "ba" T J ~

J^dAo /*7 = 7z (7,- - 7) de77^ ,
05o2 d/3 J7 = o (1 + k d/3

(2^0r0 -

/
y=7i

x = 0 (1. kaoy)
_ 1 dA0

7
= 7i ea

7=7^ CR-y

X

X

d^]--^B0^fy +

A0£0
2(l i) da

dA0

d [1
-

y=7i (yi - 7) de7T

y = 7i (7t 7) de77
= o (1 + kaoy) da
= TZ (7,- - 7) de77

^o^[r da
i- 7) <>6TT , 1 , ,

T J ^ ;

•d7 +

Ao£0 (1 + ^07i) da J7 = o (1 + kaoy)

1___ A fJ:. Cy = yi (7* ~ 7) de77

= 7t (7^ - 7) de7

dy-

da A;ao7) da +

In these equations, H and K are the mean and Gaussian
curvatures, respectively.

Conclusions

The displacement component relations (18, 19, 20), and
the corresponding strain measures (21, 22, 33) are linearly
exact, independent of material characterization and applicable
to any continuum bounded laterally by parallel surfaces.
Further information regarding the transverse strains cannot
be obtained from kinematic considerations. Utilizing the
developed strain measures, the continuum compatibility
equations degenerate to the two-dimensional reference sur-
face compatibility relations stated in Novozhilov.8 Hence,
insofar as compatible continuum deformations are concerned,
the transverse strain variation is arbitrary.

In their present form, the derived displacement and strain
expressions are explicitly and implicitly dependent on the
transverse coordinate; the latter dependency being manifest
in the transverse strain integrals. If three-dimensional shell
theory is to be obviated and hence if two-dimensional shell
theory constitutive relations are to result, then the implicit
dependence must be altered to an explicit one. Such an
alteration consists of evaluating the integrals, or, in essence,
choosing suitable expressions for the transverse strain vari-
ation in the transverse coordinate.

The purpose of this paper has been fulfilled in deriving the
linearly exact displacement and strain variation. Yet the
obvious goal ultimately is the use of these equations in the
construction of a general linear two-dimensional shell theory.
Hence, one would be remiss without discussing the evaluation
of the integrals.
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As derived, the displacement or strain expressions contain
the three transverse strains. Other than boundary condi-
tions, no further restrictions exist on these functions. One
then could choose arbitrarily and independently a separate
functional form for each of the transverse strains and evaluate
the integrals. Such an approach would be acceptable but
not necessarily satisfactory. Though two-dimensional shell
theory is an approximate one, the degree of refinement and
applicability of the theory is affected by the approximations.
Hence, the more constraints satisfied the better the theory.

The expressions for the displacement or strain components
presented in the paper could be used in conjunction with an
energy variational theorem. Such an application would relate
the transverse strains and the lateral surface loads so that
bounds could be established regarding the choice of functional
relations for the transverse strains. Ultimately, when the
functional form of the transverse strain would be postulated,
assurance would be had that the resulting shell theory satis-
fies the constraints of continuum compatibility and minimum
potential energy.

It might be noted that what is being suggested in the previ-
ous paragraph as a means of establishing bounds on the
functional forms of the transverse strains is utilized in thin
shell theory as a means of obtaining the constitutive rela-
tions. 9 However, there are important differences between the
two applications. In thin shell theory two assumptions are
simultaneously introduced into the variational equations.
Namely, an assumed linear displacement variation in the
transverse coordinate and an assumed transverse stress or
strain variation. The fact that the two sets of assumptions
are incompatible with each other has been noted by Reissner10

and also becomes obvious if the assumed strain variations
are introduced into the displacement equations presented in
the paper. Thus the thin shell application of the variational
theorem when used in conjunction with an assumed linear
displacement variation and an assumed transverse strain or
stress variation leads to a shell theory which satisfies the
minimum energy constraint but violates that of continuum
compatibility. However, for sufficiently thin shells, the
contradiction usually results in small errors.11 >12
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Surface Structure of Ammonium
Perchlorate Composite Propellants
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THE surface structure of a burning solid propellant is an
important aspect to be considered when attempting to

mechanistically or mathematically model the propellant com-
bustion process. The vast majority of models proposed for
steady and nonsteady combustion of solid propellants treat
the burning surface as a planar, dry, homogeneous entity with
one simple Arrhenius expression describing the chemical re-
action of the entire regressing surface. For composite
propellants, this simplification does not fully describe the com-
bustion. One justification for such simplification is that the
complexity of the model can be reduced to a more tractable
mathematical representation. Another reason is that de-
tailed information defining the structure of the surface is not
available to construct accurately a more physically realistic
model. Because of the latter reason, an experimental in-
vestigation was undertaken to understand better the physical
nature of the surface and determine, if possible, the extent of
heterogeneous or subsurface reactions. In the study, burn-
ing propel]ant samples were extinguished and then examined
by using a scanning electron microscope (SEM).

The test propellants consisted of ammonium perchlorate
(AP) and either polyurethane (PU) or carboxy-terminated
polybutadiene (CTPB) binder. The propellants were for-
mulated with either a unimodal oxidizer particle size distribu-

i
Fig. 1 Scanning electron microscope (SEM) micrographs
of an ammonium perchlorate-polyurethane propellant
quenched from (a,c) 100 psia and (b,d) 800 psia. The white
arrows indicate the ammonium perchlorate particles.
Note the different positions of these particles relative to

the binder for the two cases.
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